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This is the feedback webinar on the electric quadrupole interaction, the last big class of 
hyperfine physics that we have to work through. And let us start with a little bit of 
housekeeping, not much this week. First of all, in the coming weekend Europe will go to 
daylight saving time, so if you watch these webinars live from other time zones, then mind that 
with respect to UTC the time will become 6 hours 30. For the local people or people who live 
in Europe, nothing changes, it will be 8.30 European time, but with respect to UTC the 
difference will now be 2 hours. This is also the last webinar about the first part of the course, 
which was about hyperfine physics. From the coming week onwards we will deal with 
hyperfine methods, experimental methods that make use of hyperfine interactions, and that 
means that the people from Leuven who were with us every week will now go to a different 
regime, they will each of them pick out one experimental method and work on that one in 
detail, so there will be less activity in the different forums from now on. So much for the 
housekeeping, let's go to the electric quadrupole interaction, which is a hyperfine interaction 
of course, which means that the fine structure levels are split, and what is the physical origin? 
They are split because the orientation of the nucleus as expressed by the deformation of the 
charge density of the nucleus, the orientation of the nucleus matters, the orientation with 
respect to the electron cloud, with respect to a property of the electron cloud, namely the 
electric field gradient tensor. Meanwhile I see that indeed the stream is working, but with 
considerable delay, it's running minutes behind of what I'm telling live, so if you have the 
opportunity for questions, if it is technically sufficiently smooth at your side, so don't be 
surprised if the answer to the questions can come only minutes later. The first step we took in 
this module was going from a toy model that expresses the quadrupole interaction to a 
quantum representation. And our toy model was this very simple one, a dumbbell nucleus, a 
dumbbell because that means it has a quadrupole moment, it's the simplest configuration of 
point charges that can give a quadrupole moment, and two electrons, fixed electrons, well 
electrons, classical point charges, and they generate an electric field that is not homogeneous, 
so it has a gradient, so they generate an electric field gradient at the origin of that axis system 
at the center of that dumbbell nucleus, and that can be used to express the quadrupole energy 
of that system. I asked you how comfortable do you feel with this statement, I can explain how 
to recognize the effect of the quadrupole interaction in a point charge toy model. For the 
people who hesitate on that, this graph that you saw in the videos, that explains it. The fact 
that that green curve, the monopole interaction plus the quadrupole interaction, the fact that 
that green curve is not flat, that is the effect of the quadrupole interaction. The energy of the 
system becomes dependent on the orientation of the nucleus with respect to the electron 
cloud. If that would not be there, if the orientation would not matter, then you would have a 
horizontal line just as you have it for the monopole interaction. Then I asked you, you see 
there three pictures for that toy model, where the ratio of the length of the nucleus, here 
expressed by L, which is half of the length of the nucleus, divided by the distance between the 
upper and lower electron, so that distance is 2d, half of the distance is d, so that measures 
somehow the extension, the typical size of the electron cloud. There are three cases for this 
ratio, L over d, nuclear dimensions over electron dimensions, and you see that if L over d 
becomes smaller, then the quadrupole interaction becomes a better and better approximation 
of the exact solution. You have here the exact solution in red, and the monopole plus 



quadrupole contribution in green. So with the smallest L over d, the agreement is almost 
perfect. But I asked you, look at the vertical axis, there may be something here that is a bit 
misleading, so can you comment on that. Here you see the pictures a bit larger, it can be easier 
to look at. And what were your comments? Somebody wrote, the absolute value of the 
quadrupole moment decreases as the size of the nucleus increases. That is not really correctly 
formulated, there are several issues here. The absolute value of the quadrupole interaction, I 
would say, not the quadrupole moment, because that dumbbell in all of these cases, 
depending on whether you consider it as L that is changing or d that is changing, but let's keep 
L constant and the dimensions of the electron cloud change, then the quadrupole moment 
remains constant. What matters is that the quadrupole interaction energy changes. So that 
quadrupole interaction energy decreases as the size of the nucleus, well there are several 
things coming together here, I just gave the example where the nuclear size was constant, the 
electrons get farther apart from each other. If you keep the electrons constant and you reduce 
the quadrupole interaction by making the nucleus smaller, that is what was meant in the 
second part of this answer, then you have to say that the nucleus decreases in size. But that 
decrease is relative to the electron cloud, it is not an absolute measure of the nuclear size that 
matters, it is the relative measure, how large is the nucleus with respect to the electron cloud. 
So there are several terminology issues in this answer. Somebody else tells, and I will first read 
that answer before commenting on it, if the nucleus becomes smaller, so this is here in the 
frame where the electrons are fixed and you make the nucleus smaller, then the quadrupole 
moment becomes smaller, and then there is a kind of explanation, a physical motivation for 
that, as the nucleus becomes smaller, the distribution of protons and neutrons becomes more 
symmetric, resulting in a smaller quadrupole moment. That is what can happen, but we cannot 
dictate nature to do it that way. It is in principle possible, and it does happen, that you have 
relatively small nuclei with sizable quadrupole moments, and we have somehow seen that in 
the very first week, I put there at the upper right the expression we passed by, that the 
quadrupole moment is proportional to that quantity beta, which is a measure for the 
deformation of the nucleus, multiplied by the mean square radius squared. So the size of the 
nucleus does matter for the quadrupole moment, larger nuclei can have also larger 
quadrupole interactions, quadrupole moments for the same deformation, but even if A is 
relatively small and beta is very large, you can have a sizable quadrupole moment. So nature 
decides that for us, we cannot tune that at wish. Now what are two correct versions of this 
discussion? One of you wrote the size of the quadrupole contribution, and there it is right, 
quadrupole contribution, quadrupole energy, the size of the quadrupole energy becomes 
significantly smaller by two orders of magnitude, as the size of the nucleus decreases. And 
here I would say to make it even more correct, as the size of the nucleus decreases with 
respect to the size of the electron cloud. Someone else was a bit more explicit, and focused on 
that misleading part, even though the quadrupole interaction becomes a better approximation 
for nuclei that are very small with respect to the electron cloud, the actual size of the 
quadrupole moment becomes much smaller and therefore also the magnitude of the 
quadrupole interaction energy. This should come to no surprise, since if the length L 
decreases, the nucleus can be better approximated like a point, that is that size effect that is 
motivated here. And the need to describe any deviations from a spherical shape becomes 
negligible. And then comes what saves us, luckily you would need a ridiculously large nucleus 
to reach a quadrupole moment that seriously diverges from the analytical solution for the toy 
model. So summarized in principle, for that toy model there is no guarantee that stopping 
after the quadrupole interaction would be a good approximation, but for the dimensions that 



we find in nature, for the dimensions of a nucleus and the dimensions of a typical electron 
cloud, these ratios are such that if we apply those to the toy model, then stopping after the 
quadrupole interaction will be enough. And that quadrupole interaction will be a very small 
correction to the monopole interaction, which is in general also not guaranteed, but for these 
dimensions of nuclei and electrons this is okay. And meanwhile I see that the connection to 
YouTube is okay again, stream is healthy, is the message I get here, so it seems to have been 
only a temporary problem. For luck. Ah, and here was an answer not from the present year, 
but from one of the previous years, and I kept it because it is short and simple. What do you 
see there? The fact that the nucleus is not a point charge becomes less important when the 
nucleus is smaller with respect to the electron cloud. That is that shrinking of the magnitude. 
And you could see that in the expressions for the quadrupole energy, you have here this E2, 
the quadrupole energy, that depends on L over D, so that is where these corrections become 
smaller. You could also get it even more explicit if you take the exact solution and you express 
it as a function of theta, and then fill it out for theta 90, where you have the maximal value, 
and theta 0 when you have the minimal value, subtract these two and then you have the 
spread, the amplitude of that quadrupole interaction correction. And if you would write that 
explicitly you would see that that spread too depends on L over D. So not only the value of the 
energy is a small correction, but also the spread of the quadrupole correction becomes 
smaller. So with the toy model you can analytically demonstrate that. With this we have 
answered this statement. I can explain in which situations stopping after the quadrupole 
interaction is a good approximation for a toy model and for an actual atom. The point is the 
dimensions of the nucleus should be much smaller than the dimensions of the electron cloud. 
Our position vector r for the nuclear coordinates should have lengths that are much smaller 
than the position vectors r for the electron cloud. That was the condition that appeared in the 
multipole expansion. So if that one is satisfied then we can stop after the quadrupole term. 
This was a classical discussion for this toy model, now we have to translate that to quantum 
physics. And the confidence statement for this is I can explain the relation between the 
quadrupole energies in a classical system and the quadrupole levels in an actual quantum 
system. Many people feel sufficiently confident about that, not everybody, and it is an 
important point, so therefore I want to emphasize it here once more and I want to draw the 
parallel between what happens with the magnetic hyperfine interaction, which is somehow a 
bit more intuitive not because it is really more intuitive, but because you have met that so 
many times before in different contexts that you even do not question the procedure here. But 
I will go through shortly, I will go through the procedure for the magnetic hyperfine interaction 
and then do exactly the same for the quadrupole interaction. And you will see that these are 
very similar procedures. So in the magnetic case we started from the classical expression for 
the dipole contribution, a magnetic moment in a magnetic field, and that the energy that that 
represents is minus mu dot B. If we translate that to a quantum situation, what is the 
Hamiltonian that will lead to that energy? That Hamiltonian has a part that expresses the 
length of the magnetic moment vector, that is the g vector times the nuclear magneton. It has 
a part that expresses the strength of the magnetic field, the value of the hyperfine field 
appears there, and it has a part that expresses the orientation of the magnetic moment vector 
with respect to the magnetic field vector. That is the dot product in the classical expression, 
and that becomes the IZ operator in the quantum version. Because the IZ operator, that tells 
you how the magnetic moment vector or the corresponding spin vector is oriented with 
respect to the z-axis, and the z-axis that is the axis of the magnetic hyperfine field. So therefore 
the orientation, the mutual orientation is expressed that way. Once again the stream goes bad. 



Sorry for that. If we get that for the magnetic case, let's do exactly the same for the electric 
case. There we have an energy that is expressed again as a dot product, but now not between 
two vectors, but between two tensors of rank two. In the toy model we can fully express these 
tensors, the quadruple moment tensor, the electric field gradient tensor, and the dot product 
between these two tensors, that is a one by one multiplication of the corresponding matrix 
elements, and then summed, so that is the expression at the bottom. In the quantum case, 
and here you will see the parallel with the magnetic hyperfine interaction, we have a few 
scalar numbers that represent that tensor. For the quadruple moment tensor it is sufficient to 
know the spectroscopic quadruple moment, Q. For the electric field gradient tensor we need 
to know two scalars, the Vzz and the eta, and the mutual orientation between these two 
tensors, that is again expressed by something that depends on the Iz operator. The expression 
is a bit more involved, but the basic ingredients are the same as for the magnetic case. Now 
there comes a next step, and that is expressing these Hamiltonians in the principal axis system 
of the electron property. What do I mean by that? It is again easiest to do that first for the 
magnetic case, and there you will even not use the word principal axis system, you will just 
intuitively do it. What do you do? You have a magnetic field, which is a vector, and you can 
characterize this vector by its three components in an axis system, so you choose the axis 
system, and in that axis system you give these three components. But you could do it in a 
different way, you could choose an axis system that is such that the number of components 
that you need is as small as possible, or said in another way, that the number of components 
that is zero, that this number is as large as possible. And that could be done by choosing the z-
axis of your axis system parallel to the field, and it does not matter then where you put the x 
and y axis, these will always have zero components. So you have as many zeros as possible, 
and therefore you call this axis system the principal axis system for this hyperfine field. You will 
never call it that way in practice, you don't use that word in the magnetic hyperfine field 
context, but it really is a principal axis system, you could use that word. For the electric field 
gradient tensor, you do exactly the same, you choose an axis system in such a way that the 
number of zeros you have in that 3 by 3 matrix is as large as possible. And that axis system is 
then, and here we use the word in daily practice, that axis system is then called a principal axis 
system. And it can be shown mathematically that for a field gradient tensor it is always 
possible to find an axis system such that all the off-diagonal elements are zero. And on top of 
that the trace is zero, so that remains true as well. So the message is, you search for a 
quadruple interaction, an axis system that is as suitable as possible for an easy description of 
the field gradient tensor, and then you work in that axis system. Things will be easiest in that 
axis system, in the principal axis system. What did I ask you about this? We had here the field 
gradient tensor for the toy model, and I asked, can you show that this electric field gradient 
has actual symmetry about the z-axis? And can you see that from the equation that you see 
there, and also from a visual inspection of the picture of that toy model? Let's first look at the 
equation. Here you have a correct answer, somebody said the axial symmetry comes from the 
fact that the tensor is diagonal, well that itself shows that we are working in a principal axis 
system, and that the Vxx and Vyy components are identical to each other. That means that the 
field gradient means that in that axis system it doesn't matter where you are in the x and y 
directions. Evolutions in the xy plane happen in the same way everywhere. And that's another 
way of saying that the axis that is perpendicular on that xy plane, which is the z-axis here, that 
this is an axis of axial symmetry. You can also relate that to that eta property that is in the 
Hamiltonian, that is a weighted difference between the xx and the yy component, so if these 
are equal then eta is zero, so axial symmetry. How can you see it from the picture? Someone 



wrote we can see that the charge distribution is symmetric with respect to the xy plane, and 
that indicates axial symmetry. So how can we see that practically? If you take the two charges 
and you rotate that entire system about the z-axis, nothing will happen. You will always stay in 
exactly the same situation, and that is a proof of axial symmetry. Then I asked you can you 
describe another simple toy model, as simple as possible, that leads to an EFG tensor that is 
not actually symmetric? Let's look at your answers. The first one somebody wrote, I could take 
an extra positive charge and put it away from the origin. That's wrong. Why? Because the field 
gradient tensor is a property of the electron cloud. The nucleus does not enter there. It's an 
electron cloud property. So putting positive charges, which I interpret as doing something with 
the nucleus, that was not a question. If we want to change the field gradient, we have to 
change the electron cloud. This is another attempt. Here somebody removed the bottom 
electron. The electron that was here has gone. Still, this is actually symmetric. If I would take 
that upper electron and I rotate that electron about the z-axis, nothing will change. So that is 
not a good solution. Then there are people who try to take these two electrons and rotate 
them a bit, especially the picture at the left hand side. I'm not completely sure about the 
picture at the right hand side, whether that is a rotation or just one electron that is displaced. 
For now I assume it's a slight rotation. This would not be a good solution either, because 
essentially nothing has changed. If I move my electrons that way and now I take a new z-axis 
that is connecting these two electrons, then I am in exactly the same situation. So you still 
have actual symmetry here, only not about the z-axis any longer, but about another axis. 
Approaching to a correct answer, somebody proposed this. The two electrons are displaced 
horizontally, such that the nucleus is not in their center any longer. I would say that is almost a 
correct situation. The only difficulty here is that we made the convention to take the origin of 
our axis system always in the center of mass of the nucleus. So we have to modify this picture 
a bit. It should more look like this. The nucleus in the center of the axis system and the two 
electrons shifted to the right. That would be an electron cloud that does not lead to an actually 
symmetric field gradient. There are other examples of this. Somebody moved just one of the 
two electrons away and in this way you have no actual symmetry any more. You can still 
connect these two electrons by a line, but the nucleus is not in the center, is not on that line 
any more. So if you keep the nucleus at the origin of the axis system, the field gradient at the 
origin of the axis system will not be actually symmetric. Other correct examples, somebody 
who put a third electron on the y-axis, as you see here at the right hand side, that is perfectly 
possible, and somebody who made a change that is not with point charges, but with a 
continuous charge distribution, that piece of moon definitely does not lead to an actually 
symmetric field gradient. I can see that at the blink of an eye and in a few minutes you will see 
why you can see that too. What is the trick to see immediately whether or not this is actually 
symmetric. The last example I show is one that is wrong again. Somebody took five point 
charges that are shaped according to this pyramid, and the nucleus is then somewhere inside 
this pyramid, probably if I interpret the picture correctly at the center of that square. That is 
actually symmetric about the vertical axis, and in a few minutes you will see the simple test 
that can show you that. You have seen it in the videos, but we will apply it to this particular 
system. That brings us to some case studies and analysis of symmetry properties of the electric 
field gradient. For those who missed it, I want to emphasize that there was a little optional 
video that is quoted in the text, where some of the algebra that is needed with these explicit 
examples, some of the algebra is repeated, is done there step by step. If you have troubles 
with that, watch these eight minutes and I bet that your troubles will have gone. Then there 
was somebody who asked a question about this specific slide, where I mentioned the five 



point groups that are cubic, and that therefore always will lead to a zero field gradient. 
Somebody said about this, I don't have much knowledge about solid state physics, are these 
point groups that are mentioned in the video something we are expected to know, because I 
have never heard about them before. So no, this is not essential knowledge for this course, it is 
rather meant as a help. If you do know something about crystallography, then point groups will 
be known to you and you can take advantage of that. Then the task inspecting whether the 
local symmetry leads to a zero field gradient or not, you could do that by just going back to 
crystallography and determine the point group of that position in the crystal and see whether 
that point group is one of these five cubic groups, if it is the field gradient is zero, if it is not the 
field gradient is different from zero. But if you don't know enough crystallography to do that, 
then so be it, there are other ways, and that is what we will play with now. A question you got 
here is, so we have analyzed that toy model, exact solution, fully classical, the quadrupole 
interaction in a quantum context, there we have discrete energy levels, and you see here the 
discrete levels superimposed on the toy problem, with the degenerate case, so before the 
quadrupole interaction, when there is only the monopole interaction, you have that black line 
at the left hand side, that coincides with the blue line of the monopole interaction, if there is a 
quadrupole interaction, then the system can choose in this example between two orientations 
that correspond to the zero and 180 degrees orientation in the classical case, that is the low 
energy, or the 90 degrees orientation in the classical case, that is the high energy. Now I asked 
you about this, what is the link between this discrete orientation and the continuous 
orientation, the quantum nucleus can have apparently only three orientations, zero, 90 or 180 
degrees, the classical case there all orientations are possible, how do these two formalisms 
match, how can you go from the quantum formulation to the continuous classical formulation, 
what should change to the quantum system, before we can say it has become a classical 
system, these are not two separate worlds, there should be a connection between them. 
Several people, and I show two of these answers here, and it is about the part that is marked 
in red, several people had the hypothesis, if we take not one nucleus with spin one, because 
this example here, the quantum case is about spin one, that is the one with three different 
orientations, up, perpendicular and down, if we have not one nucleus with spin one, but a 
large number of these nuclei, then we can treat this with a classical model. And that is not 
right, the connection between the classical and the continuous case is not made based on the 
number of particles, whether you have one nucleus of spin one, or many nuclei of spin one, 
you will still need to apply the same quantum Hamiltonian, it is not about the number. This 
answer goes a step in the right direction, I read with you, in the classical model the nucleus can 
have any orientation, while in the quantum model these states are quantized, the orientations 
are quantized. Maybe if you would increase in the quantum case the number of allowed 
orientations, to such an extent that experimentally you cannot distinguish any more between 
that and a continuum of orientations, then you get a quantum case that mimics the classical 
case. And I completely agree with that, the only missing ingredient is how do you realize that, 
how do you get a quantum case with many allowed orientations, so many that it is almost 
continuous. And that is provided here in these two answers, you need a large spin value, the 
number of allowed orientations is 2i plus 1, for spin 1 you have 2 times 1 plus 1, 3 different 
orientations, down perpendicular up, if I take spin 100 I have 201 allowed orientations, if I take 
spin 1000 I have 2001 allowed orientations, if I take 1 million, you see how it goes. So the way 
how to go from the quantum system to the classical system is by increasing the spin value, for 
an infinite spin you have an infinite number of orientations. Then we focus on the iron IV 
nitrogen crystal, that you see here, let's quickly resume how the crystal looks like, because we 



will use it for a while. So we have a face centered cubic cell, there is an atom on the corners of 
the cube and there is an atom, same iron atom at the face centers, at the six face centers, but 
on top of that there is a nitrogen atom at the body center of the cube. Due to this there are 
two different types of iron atoms, symmetry wise, the iron I and the iron II, and on this picture 
here there is a further distinction between iron IIa and iron IIb, but that is not a distinction 
based on symmetry, that is something, well we will come to that. So for now symmetry wise 
only two types of atoms, the iron I which is half a body diagonal away from the nitrogen, and 
the iron II which is half an edge length away from the nitrogen. So only by looking at the 
distances you already see that there are two different types. Now I asked you for these two 
iron atoms, try to find the principal axis system of the electric field gradient at that position in 
the crystal. And that is an application of these two theorems, in theorem one that is telling if 
you have a twofold rotation axis then it can be chosen as the z-axis of a principal axis system, 
and if you have a threefold or morefold rotation axis it is not only the z-axis but there is also 
actual symmetry about that axis, whereas theorem two tells you if you have at least two 
rotation axes that are at least threefold then the electric field gradient tensor is zero. The 
confident statement about this is when you are given a nuclear position inside the crystal, so 
the position of a nucleus inside the crystal, then I can use symmetry to find some properties of 
the principal axis system. So this statement is about can I apply these theorems, and you 
hesitate about this, so let's do this step by step. The second confident statement, I can explain 
how symmetry properties of the environment simplify the field gradient tensor, that is 
basically the same statement. The first thing, and a few people made explicit questions about 
that, the first thing you have to know is what do we mean by these twofold, threefold, fourfold 
rotation axes. So for those who are not familiar with that concept, I want to illustrate it with a 
few very simple sketches, so I have here an example of a crystal lattice in two dimensions, and 
I have marked one atom with a red circle, and I wonder, is there a rotation axis perpendicular 
to your screen, that goes through that marked atom, that is twofold. Well, twofold, that means 
if I do a rotation of 360 degrees divided by two about that axis, will I bring the crystal back into 
its original shape? If that is the case, then we have a twofold rotation axis. So let's try to do 
that, I rotate the crystal about that axis, that is perpendicular to your screen, and I rotate it 
over 180 degrees, and yes, if that would be an infinite crystal, because I have drawn only a 
finite part of it, but if that would be an infinite crystal, you would not have seen any difference, 
the situation before and after the rotation is exactly the same. The crystal has been rotated 
back onto itself, if you rotate over 180 degrees. So that means that there is a twofold rotation 
axis going through that red atom. If I take a different crystal lattice, the one you see here, here 
in this one there is a fourfold rotation axis, and you can see that if I rotate over 90 degrees, and 
my picture is not perfect, but you get the idea, if I rotate over 90 degrees, you see no 
difference. If I would have done that for the previous one, so I go back to the previous one 
here, if I rotate here over 90 degrees, let's do that, then you do see a difference, there are 
atoms of the old orientation that are not covered by atoms in the new orientation. So this is 
definitely not a fourfold rotation axis, it is only twofold, while here we have a fourfold rotation 
axis. This here would be an example of a threefold rotation axis, you can rotate over 120 
degrees, 360 divided by 3, and again if this would be an infinite lattice and a perfect picture, 
you would not see any difference. So in crystals you can have twofold, threefold, fourfold and 
sixfold rotation axis, no fivefold, that is not compatible with periodicity in space. And in 
crystallographic diagrams you will see symbols for that, a kind of rhombus for a twofold 
rotation axis, a triangle for a threefold, a square or a hexagon for a fourfold and a sixfold 
rotation axis. So these theorems are all about identifying rotation axes, and that is what we 



will do for our iron IV nitrogen. So let's search the rotation axes that go through iron I and iron 
II, and once we know that we apply the theorems and we see what we know about the 
principal axis system of the field gradient. I show first an answer that is not correct, somebody 
who says for iron I, so the red atoms at the corner, I think the z-axis, which is the one that is 
parallel to that yellow arrow, the z-axis is a fourfold rotation axis, and well try to do that in your 
mind, if you rotate the crystal over an axis that goes through an iron I atom, and that is here in 
the vertical direction, if I rotate this over 90 degrees, yes you will see that the crystal is folded 
back onto itself, so that vertical axis through iron I is a fourfold rotation axis, I agree, but is the 
continuation the x and y-axis are twofold rotation axes, so if I take the x axis, then one 
perpendicular to the z-axis, let's take that as the y-axis, and I will indicate it with the mouse, 
let's say that this is the y-axis, if I rotate this one over 90 degrees, you will see that the crystal 
is folded back into itself, so that is not a twofold rotation axis, it is even a fourfold one, so that 
analysis for iron I is not complete. Whereas for iron II, there the claim is that the z-axis, the x 
and the y-axis, all are fourfold rotation axes. Let's examine this for the z-axis, so this axis here is 
a fourfold rotation axis, if I rotate the crystal over 90 degrees, I agree, it folds back into itself. If 
I take this axis now perpendicular to that z-axis, and it goes through this iron II, if I take this 
one as my x-axis, and I rotate over 90 degrees, then this nitrogen will be brought to this 
position here, but there is no nitrogen there in the original situation. So no, that x-axis is not a 
fourfold rotation axis, you have to rotate over 180 degrees to bring that nitrogen here to the 
position of the nitrogen of the cell that is on top, in order to bring the crystal back onto itself. 
So no, that conclusion is not right. Another answer that is not right, for iron I, the vertical axis 
through the nitrogen atom, but you cannot have an axis that goes through a nitrogen atom 
and through an iron I, so that doesn't make any sense, and for iron II there it makes the same 
mistake that the two axes that are perpendicular to the vertical axis, they are not fourfold, 
they can be only twofold. Enough incorrect answers, let's show a correct one, the iron I atom, 
the one at the corner, there you have three axes that are each fourfold, we already discussed 
the vertical axis is a fourfold one, but the x-axis and y-axis, they are fourfold rotation axes as 
well. You can try, rotate that crystal in your mind, over 90 degrees, and you will know about 
any of these three axes and there will be no difference. So you can apply theorem number 2, 
you have at least two, you have three axes that are at least threefold, they are fourfold 
rotation axes, so therefore your electric field gradient is zero. It is even more clear than that, 
because on top of this you have also four threefold rotation axes that go through the same 
point, namely the body diagonals, that is a bit harder to visualize, but these four body 
diagonals that go through each iron I atom, these are threefold rotation axes. So plenty of 
reasons to say that theorem 2 is satisfied, the electric field gradient at iron I is zero. Whereas 
for iron II you have one fourfold rotation axis, which is always perpendicular to the local face, 
so for this front iron II it would be this one that is fourfold, for this side iron II it is this one that 
is fourfold, for this top iron II it is the vertical direction that is fourfold, and the two directions 
perpendicular to that, these are twofold, for the reason that we discussed in the previous 
slide. Again, for people who are more familiar with crystallography, if you would find the point 
groups of iron I, you would find M3M or OH, which is one of these five cubic point groups, so 
zero field gradient, whereas for iron II you have point group 4 over MMM or D4H, which is a 
tetragonal point group, and that reflects this actual symmetry. So it is non-cubic, there is a field 
gradient, but it is actually symmetric about the axis that is perpendicular to the face. If you 
look in space group tables, again still for the people who are familiar with crystallography, you 
would find for this particular crystal, it is space group 221, and you may recognize some of the 
symbols in these squares here, you have the fourfold rotation axis that are in three different 



directions for the iron I, you have the triangles, I was searching for them, here the four 
triangles, and then the two triangles that are the four threefold rotation axis, and then the one 
that is here at the face centers, you have the fourfold rotation axis perpendicular to the face 
center, and the twofold rotation axis that are perpendicular to that. So you can recognize this 
from crystallographic tables, which is particularly useful if the crystal is very complicated, but 
for high symmetry crystals like the one we have here, you can still do this in your mind. Now I 
can come back to the situation we had before, where somebody was suggesting five point 
charges that are on a pyramid, as an example of a field gradient that would not be actually 
symmetric, now we can see that this one must be actually symmetric, because I can take an 
axis that goes through the top of the pyramid and through the center of the square, I can 
rotate the pyramid over 90 degrees about that axis, and the pyramid goes into itself. So that 
vertical axis is a fourfold rotation axis, and therefore this leads to an actually symmetric field 
gradient. So that is how you can easily recognize whether or not a particular charge 
distribution gives rise to an actually symmetric field gradient. That moon that you have as one 
of the other examples, there is no way how you can find a threefold or fourfold rotation axis 
there, so that definitely will not lead to a field gradient that is actually symmetric. And then we 
come to the last module, which was about some miscellaneous quadrupole topics. I said a few 
words about computing the electric field gradient tensor, it is an electron cloud property, so 
therefore if you apply the Schrodinger equation to the electron cloud and solve it, in principle 
you can predict the electric field gradient tensor for a given crystal. And this is something what 
quantum chemistry codes can do since quite a while, electric field gradient tensors can be 
quite reliably computed from quantum physics. Electric field gradient tensors are temperature 
dependent, because the electron cloud is temperature dependent, so changes in the electron 
cloud due to temperature will be reflected in the field gradient tensor. And there are different 
types of dependents, often it is a bit of a curved dependence, the field gradient tensor, the 
principle component of the field gradient tensor diminishes if temperature increases in a 
slightly curved way that can often be approximated by a temperature to the power 1.5 or 
something close to that, but it can also be linear and that depends on the type of electrons 
that are dominantly leading to that field gradient tensor. We focused a bit more on the third 
point, the combined magnetic and electric hyperfine interaction, and somebody commented 
that the questions about this were a bit difficult and whether we could spend some time to it 
here in this feedback webinar, which is what I am going to do. So we have a nucleus that fields 
simultaneously a magnetic hyperfine field and an electric field gradient tensor. So how will that 
nucleus orient, what will be the lowest energy orientations of the nucleus in such a combined 
situation? That is what we will examine. And before going there I show another question that 
was in the same context. Somebody said if I understand everything until now, then the 
magnetic dipole interaction splits the fine structure levels, but the electric quadrupole 
interaction does that too. How can you distinguish between the energy splittings from both 
origins? Good question and it is easy to answer that. First look at the quadrupole interaction, 
the picture at the upper left. For a spin one we made the explicit calculation how the levels are 
split, either with an actually symmetric field gradient, this was here, or with one that is not 
actually symmetric. And you see that either you have a splitting of the three levels in two or in 
three. Keep that in mind. Then go to the magnetic hyperfine interaction. We had this diagram 
last week for spin 5 halves, where we had this equidistant splitting in six different lines. If we 
would do that for spin 1 we would have this equidistant splitting. Well compare now this spin 1 
splitting due to a magnetic hyperfine field with this spin 1 splitting due to a field gradient and 
you see that almost always you will see differences. Here you have only two levels, here you 



have three levels, here you have three levels just as you have here, but they are not 
equidistant. There is a larger energy gap here than there is here and it is only for the case 
where you have eta equals zero, so maximal asymmetry, that you have an equidistant splitting. 
There can be cases where you cannot make the difference, but in general the difference will be 
seen in how the energy levels are. Every interaction leads to its own very specific way of 
splitting the energy levels. Now we worked in this topic, the question you got was you have 
now a combined interaction for spin 1, so electric quadrupole interaction is at work and the 
magnetic dipole interaction is at work. Calculate the energy levels for a nucleus that feels this 
combined interaction and we do that in the simplest situation, where the two interactions are 
described in the same principal axis system. And I remind you the principal axis system that is 
not something we can choose ourselves, that is dictated by the symmetry properties of the 
electron cloud. We can search the principal axis system for the field gradient tensor, we can 
search the principal axis system for the magnetic hyperfine interaction, and each of these has 
as many zeros as possible in their own principal axis system. Now we work in the specific 
situation where these two principal axis systems turn out to be the same. Then we can 
describe that combined interaction in one axis system with zeros everywhere except for a few 
places, and that is easiest. Now if you do that, you can calculate the matrix elements of the 
field gradient tensor, and that is just repeating what we did in one of the earlier examples, and 
you can calculate the matrix elements for the magnetic hyperfine interaction independently. 
So if you apply the quadrupole Hamiltonian, then you have this splitting with m plus and minus 
one and m equals zero. If you take m equals zero in the hyperfine Hamiltonian, that is m times 
mu B, that remains zero, so there is no extra correction. But if you apply you do that with m 
plus one and m minus one, then you have an extra correction of mu B. So you have three levels 
after the combined interaction, and the scale matters, you have here an energy scale in units 
of eq vzz over four, and here the energy is given in mu B. So depending on whether you have a 
strong quadrupole interaction and a weak magnetic hyperfine field or the other way around, 
the position of these energy levels can be different. Now the question I asked to you was 
reverse the order of the operation. Apply first the magnetic hyperfine interaction and then the 
quadrupole interaction and see whether this is the same or not. And this is what happens, if 
you apply first the magnetic hyperfine interaction you get this Zeeman splitting with mu B 
differences, and now you take the m equals one and you feed it into the quadrupole 
Hamiltonian, that level moves up. The m equals zero, that level moves down, the m minus one, 
that level moves up, and you get something that is very similar and actually identical to what 
you had on the previous slide. And I can show that this way, I take the picture from the first 
slide, I take the picture from the second slide and swap it such that you can bring the energy 
levels next to each other and you see that these are exactly the same energy levels. If you 
work in the same principal axis system for both interactions, these are just additive and you 
can do first one then the other, or the other way around, and it doesn't matter. If you don't 
work in the same axis system, and that is not your choice, nature dictates that to you, if you 
have a principal axis system for the field gradient that is a different one than the principal axis 
system for the magnetic hyperfine interaction, then you have to choose one, there the 
interaction for which this is the principal axis system will be a simple one, but the interaction 
for which this is not a principal axis system will be more complicated in that axis system. It will 
not have as many zeros as possible, it will have no zeros in general. Okay, I have here a few of 
your solutions. The one sequence, the other sequence, same result, or here somebody who 
added the more explicit calculations, same result here with the other sequence as was given in 
the video with the initial sequence. The last statement about this was describe the principal 



axis system of the magnetic hyperfine interaction and the one of the quadrupole interaction 
and their mutual orientation for the now three different atoms here in iron for nitrogen, and 
you will see immediately here why we now distinguish between iron 2a and iron 2b. So we had 
already concluded that for iron 1 the field gradient tensor is zero, so any axis system is a 
principal axis system, it is a trivial case. The magnetic moments were along this, so every iron 
atom has a magnetic moment, an atomic magnetic moment that is pointing up, so therefore 
also the hyperfine fields will be pointing up and the principal axis system for the magnetic 
hyperfine interaction will have its z-axis up, everywhere. So this iron atom z-axis of the 
principal axis system of the magnetic hyperfine interaction is vertical, also for this atom it is 
vertical, so that means it is not perpendicular to the local plane, but it is really vertical, parallel 
to this axis. So all of these iron atoms will have a principal axis system for the magnetic 
hyperfine interaction that has the z-axis vertical. For iron 1 the principal axis system of the field 
gradient does not matter, so here we can take the principal axis system identical to the one of 
the magnetic hyperfine interaction. For iron 2b we had found that the z-axis of the principal 
axis system for the field gradient was vertical, so here the two principal axis systems are 
identical, because for the magnetic one it does not matter where you choose the x and y, so 
we can take the x and y of the principal axis system for the field gradient, and for the green 
iron atoms, the iron 2a, there the principal axis system for the field gradient had its axis 
perpendicular to the face, while for the magnetic hyperfine interaction it is vertical, so here 
there is an angle of 90 degrees between the two z-axis, and that is a more complicated 
situation, here you have to choose one of the two z-axis and express the other interaction with 
respect to that z-axis, which is not part of its own principal axis system. So that for the green 
atoms you cannot use the reasoning that we have used here, whereas for the orange atoms 
you can do it, and for the red atoms as well, but there it is trivial because the field gradient is 
zero. The last part of these miscellaneous topics was about the quadrupole shift, and there 
was no task connected to that, just a reminder where it is in the scheme. We had our 
multipole expansion for the charge-charge interaction, the multipole terms are here in the first 
column and go down to infinity. For every order there is an infinite series of shift corrections, a 
first order shift to the monopole interaction, a second order shift to the monopole interaction, 
and so on. The same for the quadrupole term, there is a first order shift to the quadrupole 
interaction, a second order shift to the quadrupole interaction. These monopole shifts were 
due to electron charge that is inside the nucleus, and just being there was sufficient. So if we 
have an isotropic distribution of electron charge inside the nucleus, that leads to a first order 
monopole shift. For the first order quadrupole shift we need something more than an isotropic 
charge, we need an anisotropic electron charge inside the nucleus. And the toy model that was 
represented by these two charges, it is a little dumbbell, electron dumbbell inside the nucleus, 
so definitely not isotropic. So if that is fulfilled, and that can be done by relativistic P1-1 
orbitals, they give rise to such a non-isotropic electron charge inside the nucleus. If that is 
fulfilled, then you can have this quadrupole shift correction. It is a very small effect, so that 
means that the second order quadrupole shift is totally negligible, whereas for the monopole 
shift, depending on the situation for these exotic atoms, the second order monopole shift 
could still be relevant, and the first order monopole shift could be large. So here you can 
consider the first two terms for the quadrupole shift. You are already very exotic if you study 
the first order term. Okay, it is exactly one hour and fifteen minutes ago since we started, so 
perfect timing. It seems like the stream has been okay for most of the session. I didn't see any 
questions appearing in the chat. I don't know whether this was because there was an issue 
with the stream quality, or because you just didn't ask any questions. So I will stop here. I will 



wait for a few minutes before I really stop the stream, because I want to be sure that the 
buffering has catched up. I am not sure if I would stop it now, where you would then still see 
the buffer or not. So sorry for the trouble. I hope it was doable at your side. If you are 
continuing with the course, then I see you next week in a different time with the first 
experimental method, that will be laser spectroscopy. If you leave us after this point, then I 
wish you a lot of luck in the future of your hyperfine career. If this was the last module for you, 
please have a look at the feedback questionnaire. There is at the end of the course a forum 
where I would hear from you how you experienced the course, whether there is anything that 
can be improved. For the people leaving us now, it would be good if you would fill out that 
forum. The others can wait with that. You will meet the forum anyway at the very end of the 
course itself. So goodbye and good luck, or see you next week.  


